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The structures of krypton and xenon single crystals have been determined by X-ray diffraction at low
temperatures. Both noble gases were crystallized by in situ crystallization techniques and found in a face-
centered cubic (fcc) type structure. The electron density was reconstructed in both crystals from the X-ray
structure amplitudes. It was calculated by full-potential LAPW method at the experimental geometry. A
topological electron density analysis and the deformation electron density maps have shown that both Kr and
Xe atoms are contracted in the solid state relative to the free atoms and are slightly aspherically polarized to
each other, with bridges directed along atom-atom lines. The critical point characteristics indicate the closed-
shell interactions in both crystals.

Introduction

All interatomic interactions are classified by description of
covalent, ionic, metallic, or van der Waals bonds, which are
idealized categories with intermediates in almost all cases we
consider. The strong interactions such as covalent or ionic bonds
are much better investigated and understood than the weak
interactions. However, the latter do not play a less important
role in nature. The weakest interatomic forces are the so-called
dispersion forces, which are important for the understanding of
the solidification of noble gases. Most of the investigations on
noble gas solids have been restricted to theoretical consider-
ations,1 thermodynamical aspects, or the fcc-hcp-bcc phase
transitions,2-4 evidences for which are given by powder
diffraction data or thin film deposition.5 A single-crystal neutron
diffraction experiment on fcc xenon at 159.6 K was performed
in order to study sound elastic constants.6 Hitherto, no single-
crystal structure X-ray investigations were known for Kr and
Xe. Here, we report on the results of an X-ray diffraction
investigation of the electron density features of Kr and Xe which
accompany the noble gases solidification and present the
induction and dispersion force manifestations in noble gas single
crystals grown in situ, i.e., directly on the diffractometer.

X-ray diffraction provides the only direct experimental access
to the electron density distribution in matter, which governs
almost all processes in nature. Unfortunately, the X-ray dif-
fraction experimental data, which were used here in the
reconstruction of the electron density features in krypton and
xenon single crystals, could not be obtained at the highest
possible accuracy level because of intrinsic difficulties arising
from the nature of these compounds (see below). Therefore,
we have performed the theoretical first-principal calculations

for these crystals to put the experimental evidence on a sound
theoretical basis.

Experimental Section

Since dispersion forces for noble gases are so small (∼2 kJ
mol-1), the melting and boiling points are only 1-4 degrees
apart (Kr, mp 116.5, bp 120.9 K; Xe, mp 161.4, bp 165.0 K).
This produces experimental problems to grow single crystals
from the melt at low temperatures. However, single crystals
are the necessary prerequisite to perform X-ray diffraction
experiments of solid material in order to gain experimental
insight into the electron distribution for the weakest interatomic
forces based on electron interactions. For our experiments, we
selected krypton and xenon because both can be solidified at
liquid nitrogen temperatures. The gases were condensed into
thin-walled capillaries attached to a high-vacuum line which
were flame-sealed and transferred to a Nicolet R3m/V diffrac-
tometer under permanent cooling by flushing with liquid
nitrogen with the help of a specially designed device.7 After
several attempts, we succeeded in avoiding the bursting of the
capillary. On the diffractometer, the cooling process was taken
over by the cold gas stream from a conventional low-temperature
device. To grow a single crystal from the polycrystalline
solidified material in the capillary, we applied a miniature zone
refining procedure by local and careful heating with focused
infrared light, a technique that was described before.8,9 Moving
the molten zone along the capillary with simultaneous careful
control of the heat source to avoid the boiling of the sample
and bursting of the capillary produced a cylindrical crystal.
Further experimental problems arose from phase transitions and
impurities,4 as well as from icing of the capillary and geometrical
restrictions with the low-temperature device. Various attempts
to grow better single crystals, which could be measured at higher
diffraction angles, failed, and therefore, the best results for
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maximum 2Θ angles at 60° are presented only. The determi-
nation of cell dimensions and collection of X-ray diffraction
intensities as well as a provisional conventional refinement
followed standard procedures.10 These results are given in Table
1. In agreement with early X-ray powder diffraction data11,12

and neutron diffraction data6,13 it was found that both Kr and
Xe crystallize below their respective melting points in the fcc
cubic space groupFm3m. From the neutron diffraction data,
the cell dimensions reported area ) 5.744(5) Å at 77 K for
Kr13 and 6.350(2) Å at 159.6 K for Xe,6 respectively. Taking
into account the high temperature dependence of noble gas solids
with the molar volume, our data for Kr and Xe witha )
5.7962(7) and 6.3090(7) Å at 96 and 145 K, respectively, agree
with the reported data.

To get information on electronic states of the Kr and Xe atoms
in the solid state, the electron densities (ED) of both compounds
were then approximated by a flexibleκ-model.14 The ED of
each atom in the unit cell was described by the expressionF i

) Fcore + Pvalκ
3Fval. Here, Fcore and Fval are the spherically

averaged core and valence ED of neutral atoms (the latter are
normalized to one electron),κ is a parameter describing the
expansion/contraction of atomic electron shells. It is determined
together withPval, the electron population of valence shells, by
adjustment of the model X-ray structure amplitudes to the
experimental ones. This leads to minimalR-factor values when
the valence shells of the Kr (Xe) atoms were approximated by
4s and 4p (5s and 5p) functions while 3d4d electrons were
assigned to the core. The relativistic shell scattering functions15

were used in the description ofFcore and Fval. Anomalous

scattering corrections were taken from the literature.16 The
thermal motion of atoms was described in the isotropic harmonic
approximation. Extinction was taken into account according to
ref 17. The isotropic extinction with a Lorentz mosaic block
disorientation distribution of 427 and 171 s for Kr and Xe,
respectively (the crystal type 1), was observed.

Optimization of the models described (together with the scale
factor) was performed with the full data sets by using the
MOLDOS96/MOLLY program.18 The refinement indices and
the results obtained are listed in Table 2. Attempts to use the
multipole model for the description of the ED of crystals studied
failed because of too small sets of the measured structure
amplitudes, which were due to the experimental problems
described above.

The parameters of theκ-model were used to calculate the
model electron density and to find the critical points in both
crystals. Critical-point characteristics are given in Table 3. The
distributions of the Laplacian of the electron density were
calculated as well. Because the Laplacian maps are qualitatively
the same, we present here only the map for Kr (Figure 1).

Theoretical

The theoretical calculations were done with the full-potential
linearized augmented plane wave (LAPW) method as imple-
mented in the WIEN97 code.19 A very large basis set (about
600 plane waves) and additional “local orbitals” for the valence
s and p states to minimize the linearization error were used.
Exchange and correlation were treated with the most advanced
version of the generalized gradient approximation (GGA) by
Perdew, Burke, and Ernzerhof.20 The Brillouin zone integration
was done with 20 k-points in the irreducible wedge. Theoretical
X-ray structure amplitudes up to sinθ/λ ) 1.4 Å-1 were
calculated and the sameκ-model was applied to them as was
used in the experimental data, thus allowing for consistent
comparison between experimental and theoretical results.

An optimizedκ-parameter for the sp valence shell of 1.0054
for Kr and 1.0085 for Xe was found, leading toR ) 0.12 and
0.05% for Kr and Xe, respectively. From the symmetry-allowed
multipole terms, the hexadecapole P40 appeared to be statistically
insignificant, since the refined values of-0.62(72) and
-3.07(2.85) for Kr and Xe were about only one esd. The critical
points in the theoretical model electron density were found
(Table 3), and maps of the Laplacian of the electron density
were calculated. The latter are very close to the experimental
ones and are not presented here.

Because the atomic electron density asphericity is hard to
determine with the reciprocal-space model, we calculated the
theoretical deformation electron density maps in the position
space. They showed a similar pattern for Kr and Xe, hence only
the map for Kr is depicted in Figure 2. As can be seen, there is
a small contraction of the valence electron density and also a
small but significant electron density accumulation along the
nearest Kr-Kr distance.

TABLE 1: Crystal and Conventional Refinement Data

Kr Xe

formula weight 83.80 131.30
radiation,λ [Å] 0.7107 0.7107
monochromator graphite graphite
temperature [K] 96 145
crystal cylindric, diameter [mm] 0.2 0.3
cell dimension,a [Å] 5.7962(7) 6.3090(7)
cell volume,V [Å3] 194.73(4) 251.12(5)
no. of reflections for

cell determination
31 30

2Θ range for cell determination 20-25 20-25
density,dcalc [g m-3] 2.858 3.473
crystal system cubic cubic
space group Fm3m Fm3m
Z 4 4
absorption coefficient,µ [mm-1] 22.60 13.28
2Θmax for data collection [deg] 60 60
no. measured intensities 535 724
three check reflections,

repeated every
50 100

independent intensities 26 34
observed intensities [I > 2σ(I)] 26 34
no. of reflections for

Ψ scans, 10° steps
2 5

Rmergbefore/after correction 0.0332/0.0251 0.0404/0.0367
min/max transmission 0.688/0.755 0.138/0.489
Rint (all data,F2) 0.1551 0.0680
Rσ (all data,F2) 0.0420 0.0215
R1 [I > 2σ(I)] 0.0237 0.0416
wR2 (all data) 0.0586 0.1118
GOF (F2) 1.169 1.150
extinction parametera 0.005(6) 0.011(7)
weighted scheme parametersa 0.189/0.0 0.091/0.0
residual electron density [e Å-3] 0.457 1.127
isotropicU value

(atom in position 0,0,0)
0.0616(9) 0.0804(13)

parameters refined 3 3
min. atom-atom distance [Å] 4.099(1) 4.461(1)

a Parameters as defined in Siemens SHELXTL (ver. 5.03) (1994).

TABLE 2: Results of the Structural K-model Refinement for
Kr and Xe over the Experimental X-Ray Data

Kr Xe

R, % 2.18 4.03
Rw, % 2.77 5.62
S 1.07 1.22
w 1/[σ2 + 0.0001F2] 1/[σ2 + 0.0001F2]
U, Å2 0.0602(3) 0.0800(5)
κ 1.15(7) 1.16(22)
extinctionymin for

111 reflection
0.94 0.81
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Discussion

The crystal structures of solid krypton and xenon are fcc,
and each atom has 12 nearest neighbors. The shortest interatomic
distances according to the present study are 4.099(1) Å for
krypton and 4.461(1) Å for xenon. The corresponding van der
Waals radii, obtained from a supposition of spherical atoms,
2.050 and 2.231 Å, are therefore higher than any ones for Kr
and Xe reported previously in the literature.21,22

Both electron density and its Laplacian for krypton and xenon
crystals are reconstructed from the X-ray diffraction data with
limited statistical precision. The density distribution features
resulting from the very weak interactions in noble gas crystals
studied have significant uncertainty, because of the limited
diffraction quality of crystal samples. The accuracy of LAPW
calculations is limited as well, and it is very difficult to estimate
it qualitatively. It is well-known that all common approximations
in density functional theory do not describe van der Waals
interactions properly.23 This was also noted in the present cases.
We have found that the theoretical equilibrium volume depends
sensitively on the specific approximation used for the description
of exchange and correlation effects. It is largely underestimated
when using the local density approximation (LDA), but almost
by the same amount overestimated when we use the GGA
instead. Neither of these two approximations provides a satisfac-
tory description of the theoretical equilibrium volume and thus

of the van der Waals bonding in those crystals. We also found
some difference in the electron density using these two
approximations, where LDA leads, in contrast to GGA, to a
more diffuse ED and a much stronger electron density concen-
tration along an atom-atom line, reflecting the well-known
overbinding of LDA. In any case, the PBE-GGA is constructed
in a way to obey as many known constraints as possible for an
exact density functional20 and is thus, from a theoretical point
of view, certainly a better approximation than LDA. Therefore,
our analysis is based on the GGA results.

Despite these facts, both experimental and theoretical electron
density patterns were the same for both crystals studied. The
statistically significant (3,-1) “saddle” critical points are found
on the shortest Kr-Kr and Xe-Xe vectors. The positive values
of ∇2F in these critical points (see Table 3) indicate, according
to ref 24, the closed-shell interactions in both crystals. Non-
empirical quantum chemical calculations25 have shown that the
typical electron density value in (3,-1) critical points in the
intermolecular region of the van der Waals molecular complexes
is about 0.01 e Å-3. Inspection of Table 3 shows that the value
of the theoretical electron density in the (3,-1) critical point
on the nearest atom line is also about 0.01 e Å-3 in both Kr
and Xe crystals. Corresponding experimental electron density
values are close to this value as well.

In a very detailed study of the electron density distribution
in silicon with excellent diffraction quality,26 we demonstrated
that theoretical and experimental charge densities (or X-ray
structure factors) are in rather good agreement with each other,
especially when more advanced GGAs20 are used. The remain-
ing small deviations could be separated into differences in the
core and valence charge density. While the core difference is
still significant within LDA or most GGA-based calculations
(leading toR values of about 0.14-0.20%), the valence charge
density agrees quite well using a modern GGA for exchange
and correlation. Similar conclusions were reached in the very
accurate experimental and theoretical study of urea.27 That is
why we are quite confident that all valence electron density
features, resulting from theory, significantly reflect the atomic
interactions in the crystals studied. Note that a position-space
theoretical calculation (Figure 2) more confidently shows the
atomic electron density polarization along atomic interaction
lines in the noble gas crystals.

At large distances, mainly dipole-dipole (∼R-7) dispersion
forces are responsible for the interaction between the spherical
noble gas atoms.28 This interaction results from electron-
electron correlation, a second-order perturbative effect, deter-
mined by pair density function in the six-dimensional configu-
rational space of two electrons. As was emphasized recently,29

TABLE 3: Critical Point Characteristics for Kr and Xe Crystals (First and Second Rows Represent the Experimental and
Theoretical Results, Respectively)

position of
critical point

F,
e Å-3

λ1,
e Å-5

λ2,
e Å-5

λ3,
e Å-5

∇2F,
e Å-5

type of
critical
point

Kr 1/4,1/4,1/2
0.008(2) -0.02 -0.02 0.18 0.14(5) (3,-1)0.018 -0.04 -0.04 0.31 0.23

1/2,1/2,1/2
0.001(1) 0.005 0.005 0.005 0.015(10) (3,+3)0.002 0.01 0.01 0.01 0.03

1/3,1/3,2/3
0.003(1) -0.01 0.03 0.03 0.05(2) (3,+1)0.008 -0.01 0.06 0.06 0.11

Xe 1/4,1/4,1/2
0.009(1) -0.02 -0.02 0.16 0.12(2) (3,-1)0.020 -0.03 -0.03 0.28 0.22

1/2,1/2,1/2
0.001(1) 0.005 0.005 0.005 0.015(10) (3,+3)0.002 0.01 0.01 0.01 0.03

1/3,1/3,2/3
0.003(1) -0.01 0.03 0.03 0.05(2) (3,+1)0.008 -0.01 0.05 0.05 0.09

Figure 1. Map of the negative Laplacian of the model electron density,
-∇2F, in the basal plane of the Kr crystal. Contour values are(0.2,
(0.4,(0.6,(0.8,(1.0 e Å-5 increasing in powers of 10 to(1000 e
Å-5. Positive and negative (corresponding to electron deplition) contours
are represented by solid and dashed lines, correspondingly. Areas with
very large positive and negative values are omitted.
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Feynman30 found that a net real space manifestation of this
interaction is a polarization of the electron density and ac-
cumulation of the electrons along atom-atom lines. Corre-
sponding features can be seen in the theoretical deformation
electron density map (Figure 2) as small polarization-type
bridges directed along lines connecting nearest atoms. Maxima
of the electron density concentration on these lines are only
about 0.01 e Å-3, compared to a value of∼0.14 e Å-3 in the
hydrogen bond region of urea.27 This explains why an attempt
to refine the electron occupancies of theses hexadecapole terms
was unsuccessful. The LDA approximation led to a slightly more
pronounced electron concentration in this region.

The mentioned small hexadecapole-type asphericity of the
atomic electron density is only observed in the outer atomic
valence electron shells. In general, both Kr and Xe atoms are
practically spherical but (judging from theκ > 1 values) are
contracted in the solid state with respect to the free atoms, an
effect that is present but much less pronounced in theory. The
electrostatic interaction between free atoms is attractive,31 despite
the incomplete screening of the nuclei by the surrounding
electron clouds. The contraction of the electron density around
the nuclei leads to further reduction of the nuclei-nuclei
repulsion due to an additional screening.

The (3,+3) and (3,+1) critical points, corresponding to local
minima and two-dimensional minima, respectively, were found
at points 1/2,1/2,1/2 and 1/3,1/3,2/3. It is interesting to note
that the same pattern of the critical points as in Kr and Xe
crystals was found in the study of some fcc metals,32 which
have dramatically different physical properties. The values of
the electron density in the critical points are, however, consider-
ably higher in the latter case, which reflects a distinction in the

nature of the of the interatomic interaction in these topologically
equvalent crystals.

As a conclusion, it should be noted that the X-ray experiments
in this study were performed on the limit of the accuracy because
of the restricted diffraction quality of the samples of the noble
gases studied. At the same time, theoretical calculations using
approximations such as LDA or GGA are also on their limit,
since the present approximations to the exact DFT functional
have restricted accuracy in the proper description of the very
weak interactions. However, agreement of the diffraction and
theoretical LAPW data allowed us to get a physically and
chemically meaningful information about the electron density
features in solid Kr and Xe.
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